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Abstract
In this article, the demiclosedness principle for total asymptotically
pseudocontractions in Banach spaces is established. The strong convergence to a
common ﬁxed point of total asymptotically pseudocontractive semigroups in Banach
spaces is established based on the demiclosedness principle, the generalized
projective operator, and the hybrid method. The main results presented in this article
extend and improve the corresponding results of many authors.
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1 Introduction
Throughout this article, we assume that E is a real Banach space with the norm ‖ · ‖, E∗ is
the dual space of E; 〈·, ·〉 is the duality pairing between E and E∗; C is a nonempty closed
convex subset of E; N and R+ denote the natural number set and the set of nonnegative
real numbers, respectively. The mapping J : E → E∗ deﬁned by
J(x) =
{
f ∗ ∈ E∗ : 〈x, f ∗〉 = ‖x‖;∥∥f ∗∥∥ = ‖x‖,x ∈ E}
is called the normalized duality mapping. Let T : C → C be a nonlinearmapping; F(T) de-
notes the set of ﬁxed points of themapping T . We use ‘→’ to stand for strong convergence
and ‘⇀’ for weak convergence.
As is well known, ﬁxed theory has always been kept a watchful eye on in nonlinear anal-
ysis, such as [] proved Krasnoselskii’s ﬁxed point theorem for general classes of maps,
[] established strong convergence theorems for ﬁxed point problems and generalized
equilibrium problems of three relatively quasi-nonexpansive mappings in a Banach space.
Common ﬁxed points of semigroups have also been discussed; see [–]. The construc-
tion of ﬁxed points of pseudocontractive mappings (asymptotically pseudocontractive
mappings), and of common ﬁxed points of pseudocontractive semigroups (asymptoti-
cally pseudocontractive semigroups) is an important problem in the theory of pseudo-
contractive mappings. Iterative approximation of ﬁxed points or common ﬁxed points for
asymptotically pseudocontractive mappings, pseudocontractive semigroups, asymptoti-
cally pseudocontractive semigroups in Hilbert or Banach spaces has been studied exten-
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sively by many authors; see for example [, –]. Alber et al. [] introduced a more
general class of asymptotically nonexpansive mappings called total asymptotically nonex-
pansive mappings and studied the methods of approximation of ﬁxed points. Qin et al.
[] have introduced total asymptotically pseudocontractive mappings and proved a weak
convergence theorem of ﬁxed points for total asymptotically pseudocontractivemappings
in Hilbert spaces.
The pseudocontractive semigroup and asymptotically pseudocontractive semigroup are
deﬁned as follows.
Deﬁnition . [] One-parameter family T := {T(t) : t ≥ } of mappings from C into it-
self is said to be a pseudocontractive semigroup on C, if the following conditions are sat-
isﬁed:
(a)
T()x = x for each x ∈ C;
(b)
T(t + s)x = T(s)T(t) for any t, s ∈R+ and x ∈ C;
(c)
For any x ∈ C, the mapping t → T(t)x is continuous;
(d)
For all x, y ∈ C, there exists j(x – y) ∈ J(x – y) such that
〈
T(t)x – T(t)y, j(x – y)
〉≤ ‖x – y‖, for any t ≥ 
holds.
Deﬁnition . One-parameter family T := {T(t) : t ≥ } of mappings from C into itself is
said to be an asymptotically pseudocontractive semigroup on C, if the conditions (a), (b),
(c) in Deﬁnition . and the following condition (e) are satisﬁed:
(e) For all x, y ∈ C, t ≥ , there exists a sequence {kn} of positive real numbers with
kn ≥ , limn→+∞ kn = , and there exists j(x – y) ∈ J(x – y) such that
〈
Tn(t)x – Tn(t)y, j(x – y)
〉≤ kn‖x – y‖, n ∈N
holds.
The purpose of this article is to introduce the concept of a total asymptotically pseudo-
contractive semigroup and to use the hybrid method for total asymptotically pseudocon-
tractive semigroups to get the strong convergence in Banach spaces. The results presented
in the article improve and extend the corresponding results of many authors.
2 Preliminaries
In the sequel, we assume that E is a smooth, strictly convex, and reﬂexive Banach space
and C is a nonempty closed convex subset of E. We use φ : E × E → R+ to denote the
Lyapunov functional deﬁned by
φ(x, y) = ‖x‖ – 〈x, Jy〉 + ‖y‖, ∀x, y ∈ E.
It is obvious that the following conditions hold, ∀x, y, z ∈ E:
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. (‖x‖ – ‖y‖) ≤ φ(x, y)≤ (‖x‖ + ‖y‖);
. φ(x, y) = φ(x, z) + φ(z, y) + 〈x – z, Jz – Jx〉;
. φ(x, y) = 〈x, Jx – Jy〉 + 〈y – x, Jy〉 ≤ ‖x‖‖Jx – Jy‖ + ‖y – x‖‖y‖.
Following Alber [], the generalized projection Cx : E → C is deﬁned by
Cx = arg infy∈Cφ(y,x), ∀x ∈ E.
In order to prove the results of this paper, we shall need the following lemmas.
Lemma . [] Let E be a uniformly convex and smooth Banach space and let {xn} and
{yn} be two sequences of E. If φ(xn, yn) →  and either {xn} or {yn} is bounded, then ‖xn –
yn‖ → .
Lemma . [] Let E be a smooth, strictly convex, and reﬂexive Banach space and C be
a nonempty closed convex subset of E. Then the following conditions hold:
(i) φ(x,Cy) + φ(Cy, y)≤ φ(x, y) for all x ∈ C, y ∈ E;
(ii) If x ∈ E and z ∈ C, then z =Cx ⇔ 〈z – y, Jx – Jz〉 ≥ , ∀y ∈ C;
(iii) For x, y ∈ E, φ(x, y) =  if and only if x = y.
Qin[] introduced the class of total asymptotically pseudocontractive mappings in
Hilbert spaces and established a weak convergence theorem of ﬁxed points. Now, we give
the deﬁnition of total asymptotically pseudocontractive mappings in a Banach space.
Deﬁnition . ThemappingT fromC into itself is said to be total asymptotically pseudo-
contractive on C if, for all x, y ∈ C, t ≥ , there exist sequences {μn}, {νn} with μn,νn → 
as n → ∞ and strictly increasing continuous functions ψ : R+ → R+ with ψ() = , and
there exists j(x – y) ∈ J(x – y) such that
〈
Tnx – Tny, j(x – y)
〉≤ ‖x – y‖ +μnψ
(‖x – y‖) + νn, n ∈N
holds.
Remark. Ifψ(λ) = λ, then 〈Tnx–Tny, j(x–y)〉 ≤ ‖x–y‖ +μnψ(‖x–y‖)+νn reduces to
〈Tnx–Tny, j(x– y)〉 ≤ ( +μn)‖x– y‖ + νn, so the total asymptotically pseudocontractive
mappings include asymptotically pseudocontractive mappings. If μn = , νn =  for all
n ≥ , then total asymptotically pseudocontractive mappings coincide with the class of
pseudocontractive mappings.
Yang [] has studied total asymptotically strict pseudocontractive semigroups.We now
introduce the following semigroup mappings.
Deﬁnition . () One-parameter familyT := {T(t) : t ≥ } ofmappings fromC into itself
is said to be a total asymptotically pseudocontractive semigroup on C if the conditions (a),
(b), (c) in Deﬁnition . and the following condition (f ) are satisﬁed:
(f ) For all x, y ∈ C, t ≥ , there exist sequences {μn}, {νn} with μn,νn →  as n→ ∞
and strictly increasing continuous functions ψ :R+ →R+ with ψ() = , for all
Wang and Quan Fixed Point Theory and Applications 2012, 2012:216 Page 4 of 8
http://www.ﬁxedpointtheoryandapplications.com/content/2012/1/216
x, y,∈ C, t ≥ , there exists j(x – y) ∈ J(x – y) such that
〈
Tn(t)x – Tn(t)y, j(x – y)
〉≤ ‖x – y‖ +μnψ
(‖x – y‖) + νn, n ∈N
holds.
() A total asymptotically pseudocontractive semigroup T is said to be uniformly Lips-
chitzian if there exists a bounded measurable function L : [,∞)→ (, +∞) such that
∥∥T (n)(t)x – T (n)(t)y∥∥≤ L(t)‖x – y‖, ∀x, y ∈ C, t ≥ ,n ∈N.
In this article, we let L = supt≥ L(t) <∞.
3 Main results
Theorem . (Demiclosedness principle) Let E be a reﬂexive smooth Banach space with
a weakly sequential continuous duality mapping J and C be a nonempty bounded and
closed convex subset of E. Let T := {T(t) : t ≥ } be a uniformly L-Lipschitzian and total
asymptotically pseudocontractive semigroup from C into itself deﬁned by Deﬁnition ..
Suppose there exists M∗ >  such that ψ(ξn) ≤ M∗ξn. Then I – T(t) is demiclosed at zero,
where I is the identical mapping.
Proof Assume that {xn} ⊂ C, with xn ⇀ x and xn – T(t)xn →  as n → ∞. We want to
prove x ∈ C and x = T(t)x. Since C is a closed convex subset of E, C is weakly closed. So,
x ∈ C. In the following, we prove x = T(t)x.
Now, we choose α ∈ (, +L ), and let ym = ( – α)x + αTm(t)x for m ≥ . Because T(t) is
uniformly L-Lipschitzian, we have
∥∥xn – Tm(t)xn
∥∥
≤ ∥∥xn – T(t)xn
∥∥ + ∥∥T(t)xn – T(t)xn




∥∥→ , as n→ ∞. ()






































































By assumption xn ⇀ x, xn – T(t)xn →  and ‖xn – Tm(t)xn‖ →  as n → ∞, J is a weakly











≤ μmM*‖xn – ym‖ + νm ≤ μmM*(diamC) + νm. ()
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≤ ( + L)‖x – ym‖ ≤ ( + L)α














































 – α( + L)
]∥∥x – Tm(t)x∥∥ ≤ μmM*(diamC) + νm, ∀m ∈N. ()
When m → ∞, μm,νm → , so we have ‖x – Tm(t)x‖ → , m → ∞, i.e., Tm(t)x → x,
m→ ∞, so Tm+(t)x→ T(t)x,m→ ∞. By the continuity of T(t), we have T(t)x = x. 
Theorem. Let E be a real uniformly convex and uniformly smooth Banach space with a
weakly sequential continuous convex dualitymapping J andC be a nonempty closed convex
subset of E. Let T := {T(t) : t ≥ } be a total asymptotically pseudocontractive semigroup
of mappings from C into itself deﬁned by Deﬁnition .. Suppose there exists M∗ >  such
that ψ(ξn) ≤ M∗ξn. Suppose T := {T(t) : t ≥ } are closed, convex, uniformly L-Lipschitz
and F(T) :=
⋂
t≥ F(T(t)) = ∅. Let αn be a sequence in [a,b], where a,b ∈ (, +L ). Let xn be
a sequence generated by
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
x = x ∈ C,
yn = ( – αn)xn + αnTn(t)xn,
Hn = {z ∈ Cn : αn[ – ( + L)αn]‖xn – Tn(t)xn‖
≤ 〈J(xn – yn) – J(z – yn), (yn – Tn(t)yn)〉 + ζn},
Wn = {z ∈ C : 〈xn – z, Jx – Jxn〉} ≥ ,
xn+ = PHn∩Wnx, ∀n ∈N,
()
where ζn = μnM*(diamC) + νn, then the iterative sequence {xn} converges strongly to a com-
mon ﬁxed point x* ∈ F(T) in C.
Proof We divide the proof into six steps.
(I) PF(T)x is well deﬁned for every x ∈ C. Since T := {T(t) : t ≥ } is uniform
L-Lipschitzian continuous and convex, so F(T) is closed and convex. Moreover, F(T) is
nonempty, therefore, PF(T)x is well deﬁned for every x ∈ C.
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(II) We prove that Hn andWn are closed and convex for all n ∈N.
From the deﬁnitions ofWn and Hn, it is obvious thatWn is closed and convex and Hn is
closed for each n ∈N. Hn is convex for each n ∈N, which follows from the convexity of J .
(III) We prove F(T)⊂Hn ∩Wn for each n ∈N.
We ﬁrst show F(T)⊂Hn. Let p ∈ F(T), n ∈N. By (), and the uniform L-Lipschitz con-






























≤ αn( + L)
∥∥x – Tn(t)x∥∥ + 
αn
〈

































 – αn( + L)
]∥∥xn – Tn(t)xn
∥∥








, ∀n ∈N. ()
This shows that p ∈ Hn for all n ∈ N. This proves that F(T) ⊂ Hn for all n ∈ N. Next, we
prove F(T) ⊂ Wn for all n ∈ N. By induction, for n = , we have F(T) ⊂ C =W. Assume
that F(T)⊂Wn. Since xn+ is the projection of x onto Hn ∩Wn, by Lemma ., we have
〈
xn+ – z, J(x – xn+)
〉≥ 
for any z ∈Hn∩Wn. Thiswith the assumption F(T)⊂Hn∩Wn, u ∈ F(T) and the deﬁnition
ofWN+ leads to F(T)⊂Hn ∩Wn, ∀n ∈N.
(IV) We prove that ‖xn+ – xn‖ →  as n→ ∞.
From () and Lemma ., we have xn = Pwnx, this shows, for any z ∈Wn and p ∈ F(T)⊂
wn, we get
φ(xn,x)≤ φ(xn+,x) and φ(xn,x)≤ φ(p,x)
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for all n ∈N. So, we have limn→∞ φ(xn,x) and {xn} is bounded. So, by Lemma ., we have
φ(xn+,xn)≤ φ(xn+,x) – φ(xn,x)→ 
as n→ ∞. By Lemma ., we get ‖xn+ – xn‖ →  as n→ ∞.
(V) Now, we prove ‖xn – T(t)xn‖ →  as n→ ∞ for all t ≥ .
It follows from ‖xn+ – xn‖ →  as n → ∞, xn+ ⊂ Hn, {yn} is bounded, {T(t)nyn}t≥ is




 – αn( + L)
]∥∥xn – Tn(t)xn
∥∥















)→ , n→ ∞. ()
So, ‖xn – Tn(t)xn‖ →  as n→ ∞. In addition,
∥∥xn – T(t)xn
∥∥





∥∥ + ∥∥T(t)xn – Tn+(t)xn
∥∥
≤ (L + )‖xn+ – xn‖ +
∥∥Tn+(t)xn+ – xn+
∥∥ + L∥∥xn – Tn(t)xn
∥∥. ()
So, ‖xn – T(t)xn‖ →  as n→ ∞.
(VI) Finally, we prove xn → PF(T)x as n→ ∞.
Let xnk be a subsequence of xnk such that xnk ⇀ xˆ ∈ C, then by Theorem ., we have
xˆ ∈ F(T). We let ω ∈ PF(T)x. For any n ∈ N, xn+ = PHn∩Wn and ω ∈ PF(T)x ⊂ Hn ∩Wn, so
we get φ(xn+)≤ φ(ω,x).
On the other hand, from the weak lower semicontinuity of the norm, we have













From the deﬁnition of PF(T)x, we obtain xˆ = ω and hence lim supn→∞ φ(xnk ,x) = φ(ω,x).
So, we have lim supk→∞ ‖xnk‖ = ‖ω‖. Using the Kadec-Klee property of E, we obtain that
xnk converges strongly to PF(T)x. Since xnk is an arbitraryweakly convergent sequence of xn,
we can conclude that xn converges strongly to PF(T)x. This completes the proof of Theo-
rem .. 
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Remark . Theorem  extends the main results of Zhou [, ], improves the results of
Yang [] and many others.
Remark . It is signiﬁcant to remove the convexity of the dualitymapping J and the total
asymptotically pseudocontractive semigroup in Theorem  of this article.
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